We present new results for the virial coefficients B k with k ≤ 10 for hard spheres in dimensions D = 2, · · · , 8.
Introduction
The low density virial expansion of the pressure
for the hard sphere gas of particles of diameter σ in D dimensions defined by the two body potential U (r) = +∞ 0
is one of the oldest systems studied in statistical mechanics. The problem was first studied analytically by by van der Waals [1] , Boltzmann [2] , and van Laar [3] who computed the coefficients up through B 4 . The computation of B 4 for D = 2 was first done in 1964 by Rowlinson [4] and Hemmer [5] and very recently these analytic computations for B 4 have been extended to D = 4, 6, 8, 10, 12 by the present authors [6] , and by Lyberg [7] for D = 5, 7, 9, 11. All other computations for the hard sphere gas are by means of computer. This work was initiated in the 1950s for hard discs by Metropolis et al. [8] and for hard spheres by Rosenbluth and Rosenbluth [9] . Subsequently B 6 and B 7 were computed by Ree and Hoover [10, 11, 12] during the 1960s and B 8 was computed by Janse van Rensberg [13] in 1993. Computations for D > 3 were initiated in 1964 by Ree and Hoover [14] who computed B 4 for D = 4, · · · , 11. The coefficients B 5 and B 6 for D = 4 and 5 were computed by Bishop, Masters, and Clarke [15] in 1999, and Bishop, Masters, and Vlasov [16] have recently calculated B 7 in D = 4, 5 and B 8 in D = 4.
In a series of papers [17, 18, 19] we have extended these numerical computations by computing virial coefficients up through B 10 in D = 2, 3, · · · , 8. We use the method of Ree-Hoover diagrams as evaluated by Monte Carlo integration. The details are given in [19] Our results are given in Table 1 in the form of B k /B k−1 2 where
It is well known that for hard spheres in D dimensions that for some sufficiently large k which depends on D that some Ree-Hoover diagrams for B k vanish identically for geometric reasons. We give (a lower bound on) the number of non-vanishing Ree-Hoover diagrams in Table 2 The most important property of the virial coefficients B k is not their actual numerical values for k less than some finite number but rather their asymptotic behavior as k → ∞ because it is the asymptotic value which determines the radius of convergence. Of course no finite number of virial coefficients can give information on the k → ∞ behavior unless there is some a priori reason to expect that the values of k are already in the asymptotic k → ∞ regime. [20] .
We see in Table 2 the dramatic effect that the number of non-zero Ree-Hoover integrals in two dimensions is far less than that of the number of biconnected graphs with non-zero star content. At k = 10 in D = 2 we estimate that only 0.022 of the Ree-Hoover diagrams with non-zero coefficients have non-zero integrals.
The dramatic (at least in D = 2) reduction as k → ∞ in the number of non-vanishing ReeHoover diagrams gives a criteria for the size of k needed for B k to be in the asymptotic region.
Criteria 1
The number of nonzero Ree Hoover diagrams has approached its large k behavior.
For k = 10 this criteria may only be fulfilled for D = 2 and is surely not fulfilled at all for D ≥ 5.
Our second criteria has been presented in our previous paper [17] Criteria 2
The loose packed diagrams (defined to be those with the number off bonds near their maximum value) numerically dominate B k as k → ∞.
The validity of this criteria has been studied in detail in [17] .
We thus conclude that there is no dimension in which both of these criteria are simultaneously fulfilled though in D = 3 and D = 4 it is possible that they both could hold for some moderate values of k such as 12 − 14.
Ratio Analysis
Even though we have argued that k = 10 may not be sufficiently large to see the true asymptotic behavior of B k it is still of interest to determine what results are obtained if well known methods are used to estimate the radius of convergence from the first ten virial coefficients.
One such way of estimating the radius of convergence is the analysis of the ratios of coefficients [21, 22] where we plot B k ρ cp /B k−1 versus 1/k (and we have normalized the virial coefficients to the density ρ cp of the closest packed lattice). The ratio extrapolated to 1/k → 0 will give the radius of convergence of the series ρ R which may also expressed in terms of the packing fraction η = B 2 ρ/2 D−1 . If the slope of the interpolated points approaches zero for large k then the leading singularity is a pole on the positive real axis, if the slope is non-zero then the divergence is algebraic.
The plot of B k ρ cp /B k−1 versus 1 k for D = 2 is given in Fig. 1 . Here we observe smoothly falling ratios which extrapolate to a radius of convergence greater that the closest packed density ρ cp .
We plot the ratios for D ≥ 5 in Figures 2 and 3 . In this case the first few virial coefficients are positive, and then alternate in sign to the order calculated. We propose the scenario that there is a singularity on the positive real axis that dominates the series initially, but at higher order another singularity (or singularities) in the complex plane or negative real axis competes with the original singularity and hence the new singularity must be at a smaller radius. If the leading singularity is on the negative real axis then the ratio plot will smoothly converge to some negative value, otherwise the ratios will oscillate.
For D = 4 in Fig. 4 it seems that despite the absence of negative virial coefficients and the poor accuracy of B 10 , an oscillation is developing in the ratio plot in exactly the same way as for D ≥ 5. Extrapolation of the series [19] via the methods of Dlog Padés and differential approximants as explained by Guttmann [22] , suggests that negative coefficients for D = 4 may occur for k not much greater than 12.
The case D = 3 is plotted in Figures 1 and 5 . These ratios do not show the large oscillations of D = 4 but close inspection reveals that the slopes are not increasing monotonically as they were for D = 2. This may indicate that the plot for D = 3 is displaying very small amplitude oscillations, which will eventually result in oscillations in the sign of the coefficients. 
Differential Approximants
We have analyzed the virial coefficients of Table 1 by use of differential approximates using the fortran program NEWGRQD given in Guttmann [22] . Our results for the leading singularity on the real positive azis in dimensions D = 2, 3, 4 are tabulated in Table 3 . More detailed analysis will appear in [19] . The notation L, M ; N refers to an inhomogeneous first order differential approximant, which is the solution of
where the subscript denotes the order of the polynomial, and f (z) is the function that is to be approximated.
One can see from Tables 3-4 that there appears to be a singularity on the positive real axis close to the space filling density η = 1 for dimensions D = 2, 3, 4. The kind of singularity is not so clear, for D = 2 there seems to be an algebraic singularity with exponent φ ≃ −1.75, but for D = 3, 4 it is not possible to give a good estimate for the exponent. 
Conclusion
In Table 1 as to suggest that negative values may occur for k = 12 − 14. For D = 2, 3 analysis of the first 10 virial coefficients leads to a radius of convergence greater than close packing. This is in agreement with conclusions reached in previous studies based on 8 or fewer virial coefficients. The meaning of this is controversial and the present authors argue that the true large k behaviour is not seen in the first 10 coefficients. More complete analysis and discussion of this is given in [19] .
